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Abstract 

The on-shell gravitational action and the boundary stress tensor are essen- 
tial ingredients in the study of black hole thermodynamics. We employ the 
Hamilton-Jacobi method to calculate the boundary counterterms necessary to 
remove the divergences and allow the study of the thermodynamics of Einstein- 
Gauss-Bonnet black holes. 



1 Introduction 

The AdS/CFT conjecture has led to a renewed interest in the study of black hole thermo- 
dynamics. In this new framework, thermal properties of an AdS black hole configuration 
are dual to that of the finite temperature CFT. An important example is the Hawking- 
Page phase transition [1] for black holes in AdS which corresponds to a deconfinement 
transition in the dual field theory [2]. In order to study black hole thermodynamics, it 
is standard to evaluate the on-shell gravitational action and the boundary stress tensor. 
The on-shell value of the action (which we denote as F) is identified with the thermo- 
dynamic potential Q according to F = j3Q. Moreover, for static backgrounds with the 
time-like Killing vector d/dt, the energy E is given by the ADM mass, extracted from 
the tt component of the boundary stress tensor. Though one expects that the thermody- 
namical laws are satisfied in general, an important complication is that both Q and E are 
divergent quantities and require regularization. 

An approach to regularization suggested in [3] is to subtract the action of a reference 
spacetime from the action for the spacetime of interest. Under appropriate matching 
conditions, the divergences in both actions will cancel, thus leading to finite quantities of 
interest. Although this approach is useful in many cases, it becomes problematic when 
the appropriate reference background can not be found, or when there is a potential ambi- 
guity in the matching conditions. In the framework of AdS/CFT, an alternative method 
for removing infinities was developed in [4-6]. Inspired by renormalization in the dual 
CFT, this method involves the addition of a set of covariant boundary counterterms that 
remove all power law divergences from the on-shell action. While the values of the coun- 
terterms were originally chosen simply to remove divergences, a subsequent refinement of 
holographic renormalization came about when it was realized that the Hamilton- Jacobi 
formalism may be used to determine the structure and normalization of these countert- 
erms [7]. 

Black hole thermodynamics in pure Einstein gravity with a cosmological constant 
has been extensively studied, especially in light of the AdS/CFT correspondence. In its 
simplest form, this correspondence relates A/" = 4 SU{N) super- Yang-Mills theory in four 
dimensions with IIB string theory on AdSs xS^. In the limit of large A^ and infinite 't Hooft 
coupling, the gravitational dual simply reduces to A/" = 8 gauged supergravity in five 
dimensions. Motivated by this AdS/CFT picture, the Hamilton- Jacobi formalism [7-9] 
was employed in [10] to study the thermodynamics of asymptotically AdS black holes in 
various dimensions, d = 4,5, 6, 7. 



From an AdS/CFT perspective, it is of natural interest to examine the finite 't Hooft 
coupling corrections to the familiar infinite coupling results. These corrections originate 
from higher derivative terms in the a' expansion of the string effective action; in the 
gravitational sector, they take the form a'"i?"+^ where R corresponds to the Riemann 
tensor and its contractions. While the first corrections in the maximally supersymmetric 
{i.e. Type II) theories do not enter until the a'^R^ order, generically the first non-trivial 
terms show up at the curvature-squared level 

e--^5C = aiR' + a2Rl, + a:,Rl,p,. (1.1) 

By making an appropriate field redefinition of the form g^^ -^ g^i, + ai?^j, + hg^vR-, we 
may shift the coefficients ai and ^2 to arbitrary values. Thus only 0:3 may affect physical 
observables. This allows us to take the Gauss-Bonnet combination 

e-'5C = a{R^~ARl^ + Rl^^^), (1.2) 

which is the unique combination of curvature squared terms which does not propagate 
ghosts [11, 12]. Of course, the presence of ghosts (whose effects do not show up until the 
string scale) is not a major concern at the effective supergravity level, where the complete 
string theory serves as an appropriate UV completion. Nevertheless, the Gauss-Bonnet 
combination is particularly amenable to holographic renormalization and the study of 
boundary field theories as it admits a well-defined Cauchy problem for radial evolution. 

It is the purpose of our present work to apply holographic renormalization to the 
Einstein-Gauss-Bonnet action, and in particular to apply the Hamilton- Jacobi method to 
derive a set of universal counterterms renormalizing this action. Local counterterms for 
higher derivative gravities, including the Gauss-Bonnet combination, have previously been 
considered in [13-18]. In addition, a complementary 'Kounterterm' regularization scheme 
was developed in [19-24] , which involves the introduction of boundary counterterms built 
out of the extrinsic curvature tensor. (This approach is more naturally associated with a 
variational principle where the extrinsic curvature is kept fixed on the boundary.) 

We organize our work as follows. In the following section, we review the Hamiltonian 
formulation (for radial evolution) and we evaluate the Hamiltonian of Einstein-Gauss- 
Bonnet theory to first order in a, the coefficient of the Gauss-Bonnet term in the bulk 
action. In section three, we derive the Hamilton- Jacobi counterterms, and in section four 
we compare our results to previous investigations of Gauss-Bonnet black hole thermody- 
namics. Finally, we conclude with a discussion in section five. 



2 Einstein-Gauss-Bonnet gravity 

It is well known that, in general, higher-curvature gravitational actions lead to poten- 
tially undesirable features such as ghosts as well as difficulties in formulating the Cauchy 
problem because of the appearance of higher-order derivatives of the metric. However, as 
shown by Lovelock, these difficulties may be avoided by taking particular combinations 
of the higher-curvature terms corresponding to d- dimensional continuations of the lower 
dimensional Euler densities [11]. The family of Lovelock actions then take the form 

d/2 

5'buik = 2_^ "fc'S'buik, (2.1) 

fc=0 

where [11,25] 

"-"bulk ~ 2h\ / ^ ^ ['^\---i^2k\^ M1M2 ^ M2fc-l/i2fc- l^-^J 

Note that we have included A; = 0, corresponding to a possible cosmo logical constant. In 
particular, the ffist few terms in the expansion of the Lovelock action give 

^buik = - / rf'xv/=^[ao + aiR + «2(i?' - 4i?^. + Rl.p„) + ■■■]. (2.3) 

Jm 

Truncating the Lovelock theory at this level gives what may be referred to as Einstein- 
Gauss-Bonnet gravity. 

Since the Lovelock theory gives rise to equations of motion involving no higher than 
second derivatives of the metric, it is possible to formulate a well-defined variational 
principle by adding to (12. ip a set of generalized Gibbons-Hawking surface terms 

d/2 

SGn = Y.^kS^ol (2.4) 

fc=i 



In particular 

is the usual Gibbons-Hawking term and 



S)^>^ = -2 I d^-'xV-hK (2.5) 

dM 



4h = 4 / d''-'xv^^[2g,,K'^' + liK' - 3KKl, + 2KIK^,K^,)] (2.6) 

JdM 

is a generalized Gibbons-Hawking term [26,25]. (Of course no boundary term is needed 
for the k = cosmological constant term.) Here we have assumed that the spacetime 



is foliated with constant r hyper surf aces, orthogonal to a spacelike unit normal n^. The 
boundary metric is given by h^^ = g^y — n^n,^, and K^^ is the extrinsic curvature tensor 
defined by K^^ = V(^ny). In addition, Qab is the Einstein tensor constructed from the 
boundary metric, Qab = Tlab - \hab'R- 

2.1 Hamiltonian formulation 

Consistent with the foliation of spacetime with constant r hypersurfaces, we may take 
the above Lovelock action and derive the corresponding Hamiltonian for radial evolution. 
This was in fact done in [25] for the case of time evolution (which is easily related to 
radial evolution by an appropriate analytic continuation). Although the following results 
are contained in [25], we nevertheless provide some details for clarity of exposition. 

To derive the Hamiltonian, we first use the Gauss-Codacci equations for the r-foliation 
to rewrite the action (12.11) in terms of invariants built from the intrinsic and extrinsic 
curvatures 71"" bed and Kab- For hypersurfaces specified by a spacelike normal, the relevant 
Gauss-Codacci equation is 

R^J,vpa = h^^ K K ^^ RtJ.'y'p'(T' = Tlp.upa — K^pKy^ + K^^Kyp. (2.7) 

In this case, we find 

sil + s^l = f d^xV^in + K'-K'J, 

J M 
J M 

-fKKlK^.K^ - A{K'J' + ^K'^KlKiK<^]. (2.8) 

Note, in particular, that the original surface terms (12.41) are absorbed after the Gauss- 
Codacci rewriting of the action. 

It is now straightforward, at least in principle, to derive the conjugate momenta tt'^* 
for radial evolution. Noting that Kab = \^nhab (where £„ is the Lie derivative along the 
spacelike normal n^), we may use 

^"' = T^A^' (2.9) 

2y/^dKab 



to obtain the expansion 



d/2 

vr„, = 5^afevrij\ (2.10) 

fc=i 



where [25] 

-IZKab - 21ZabK + 47^^,ir,), + 27^,e,,K'='^ 

+ \K,{-K' + ^KKl, - 2KiKlKl) 

+K^Kab - 2KKIK,, - KabKl, + 2KlKtKM] • (2.11) 

The above expressions for the conjugate momenta allow us to derive the Hamiltonian 
density for radial evolution 

H = 2y^n''''Kab-jC. (2.12) 

The result is especially simple when written in terms of the projected bulk curvature 
R^lvpcT■ Following [25], we find 

d/2 

n = Y,akn^'\ (2.13) 



fe=0 



^2 -=^2 



where 

7^(0) 



K(2) = V^iR'-ARl^ + R;,^^). (2.14) 

Using the Gauss-Codacci equation (12. 7p . this is equivalent to 

^^'^ = V^[{n-K^ + Kl,y-A{nab-KKab + KK,,)'' 

+ inabcd - KacKu + KadKl,cf] ■ (2.15) 

Ultimately, the Hamiltonian ought to be written in terms of the canonical variables 
hab and vr"^. To accomplish this, we must invert the relation between vr"* and K""^ given 
by (12.101) and (12.111) . It is at this stage that the individual Lovelock terms, parameterized 
by Oj, end up mixing with each other, as the inversion is in general a non- linear problem 
involving all the various vr^^ simultaneously. 

In order to proceed, we restrict our attention to the Einstein- Gauss-Bonnet theory 
given by the first three terms of (12. 3p . which we rewrite as 

5buik = - / d'x,/^ [R+{d- l){d - 2)g^ + a{R^ - ARl, + i^J.^J] (2.16) 

Jm 
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(where we have set IGirGd = !)• In this case, the conjugate moinentuiii of (12.101) may be 
written as 



TTab = Kab - habK + aVT^fc ' 

A simple rearrangement gives the useful expression 



Kab = T^ab 



1 



(rf-2) 



habT^ - " TT, 



.(2) 
'ah 



1 



d-2 



habrc^'^ 



(2.17) 



(2.18) 



which allows us to obtain a perturbative solution for Kab in terms of rcab- In particular, 
inserting the zeroth order expression Kab = T^ab — hab'n'/id — 2) + 0{a) into (12.111) gives 



TT 



(2) 



2/ia6 I T^cdTT 



cd 



_l_K.)+R.„. + -^R...-47Jf„., 



(a " b)c 



^cd 



-2TZacbdT^'' + -hab ( T^c'^d^e r _ g 



T^^cd + 



{d-2) 



rVT 



-27racVr'' TTdb 



4 



rf 



d-2 



TT^TTbcTT + TTafeTT^^ 



(rf-2) 



rTTafevr- 



C(a). (2.19) 



We now work out the Hamiltonian to first order in a. Using (I2.15p and (12.181) . we 
write 



H 



-g[JZ+{d-l){d- 2)g^ -K^ + K^] + aH^''^ 

1 o 



n+{d-l)id-2)g' + nl,-j-^ 



TT 



+a ( -27r'^^7rf,) + 



d-2 



-TCTC 



(2) ^ 2^ \ ^ o(c,2^ 



-9 



(2.20) 



The lowest order expression for tt^^, is given in (12.19^ . while TY*-^-* may be obtained from 
r / 1 \ 2 / T \ 2 



-^ 



'^ + '--d^ 



TT 



4 7^afe + <Vrfee 



1 



t/-2 



TTTTafe 



+ ( '^abcd - {TracT^bd - T^adT^hc) + , _ ^ {hacT^bd + hdT^ac " /iadTTfoc " hcT^ad) 



{d-2) 



;n'^{hachbd - hadhc) + 0{a 



(2.21) 



The resulting Hamiltonian, valid to linear order in a, then takes the form 



n = ^^ 






d-2 "' ^{d-2y "" 



16 ,, . „ 2d o o 3d -A 



a 6 c d V ab; 3(c; - 2) " '' " {d-2y "'' 3{d-2y 



+0{a^) 



(2.22) 



We will use this result in the next section when deriving the Hamilton- Jacobi counterterms 
which renormalize the original action (12.161) . 

3 Hamilton-Jacobi counterterms 

The Einstein- Gauss- Bonnet action (12.161) admits solutions which are asymptotically Anti- 
de Sitter, with an effective 'inverse AdS radius' ges given by 

g' = g',f,[l-a{d-3){d-4)glf,]. (3.1) 

It is well known that the on-shell action evaluated on such a background is divergent. In 
particular, assuming the metric is asymptotically given by 

dv 
ds' ~ -(1 + gl^r')de + -— ^^ + r^d^U, (3.2) 

the leading divergence is of a power-law form, 5* ~ ^d-i^ with sub leading divergences 
falling by a factor of 1/r^ at each order. 

The divergences of the on-shell action may be removed by holographic renormalization 
[4-6] . This involves the introduction of a counterterm action of the form 

s,t= I d''-'xV^{w + cn + Dn^ + Enl, + Fnl,,a + ---), (3-3) 

JdM 

so that the renormalized action 

T = S-S^ (3.4) 

remains finite on-shell. The terms in (13. 3p are organized as an expansion in powers of the 
inverse metric. Since examination of (13. 2p indicates that hab ~ r^, we see that W may be 
chosen to cancel the leading r'^~^ divergence, C to cancel the r'^~^ divergence, and so on. 



A particularly elegant method of obtaining the coefficients in the counterterm action 
is to apply the Hamilton- Jacobi equation along with diffeomorphism invariance of the 
theory [7]. In the last section, we have derived the Hamiltonian 7i for radial evolution 
in the Einstein- Gauss-Bonnet theory. As this corresponds to reparameterizations of r, 
diffeomorphism invariance constrains the Hamiltonian to vanish 

n[7T''\hab]=0. (3.5) 

To obtain the Hamilton- Jacobi equation one rewrites this Hamiltonian constraint in terms 
of functional derivatives of the on-shell action. In particular, since the on-shell action is a 
functional of the bulk fields evaluated at the boundary dAi, the momenta can be written 
as 

.- = -1=^. (3.6) 

By replacing the momenta appearing in the Hamiltonian this functional derivative, we 
obtain the Hamilton- Jacobi equation 



H 



^^5h, 



6S , 

Itab 



ab 



0. (3.7) 



Using the Hamilton- Jacobi equation, we can obtain a set of counterterms that will 
remove power-law divergences from the on-shell action. In particular, given the renormal- 
ized action (13. 4p . the Hamilton- Jacobi equation takes the form [7,8,27] 

n[Z-' + P''\hab] = 0, (3.8) 



where 

ryab 



^^ P'^' = ^#^. (3.9) 



V^ Shab V-/i ^f^a 

The reason this is useful is that since Z"-^ is derived from the renormalized action, any 
terms in (13.81) involving Z"* are finite, or at most logarithmically divergence. Thus all 
power-law divergences are fully captured by the modified Hamilton- Jacobi equation 

n[P''\Kb] = o. (3.10) 

The momentum P"-^ associated with the counterterm action fl3.3p may be organized in an 
inverse metric expansion 

pab ^ pab^ ^ pab^ ^ pab^ ^ . . . ^ ^g^^^) 



where 



pab 

MO) 

nab 

Ml) 

Tjab 



W^W, 



-eg 



ab 



-^2) = \h''\Dn^ + ETZl^ + F'Rl^^j)-2D'R.n''' + {2D + E + 2F)V''V'n 



,afe'7-)2'0 f JP \ A I?^'n2'T^afe n(TP i c^ Tj^XTy acbdq 



-{2D + \E)h''^V'^n -{E + AF)V'^TZ''^ - 2(E + 2F)n'"''"^ncd 



■yaTjbc 



acdeTjb 



+AFniTV'' - 2F7^"'=''"7^^rfe• 



(3.12) 



The resulting Hamiltonian 7i[P"'', hab\ may hkewise be expanded in powers of the inverse 
metric 

^ = ^(0) + ^(1) + ^(2) H • (3.13) 

We then demand that each term 7i(j) vanishes individually. In this fashion, we end up 
with a set of 'descent equations' [8] for the coefficients of the divergent terms in the 
counterterm action (13. 3p . 

Substituting the momenta P"'^ of (J3.12P into the Einstein- Gauss-Bonnet Hamiltonian 
(12:22|) gives 



^(0) 

^(1) 



{d-l){d-2)g^- 



d 



4(d 



-W' -a 



(d-l)(rf-3)(rf-4) 



48(rf-2) 



n 

7^2 



'-^ Wc^a^'-'}^'Z'^W^U 



2{d~2 
d-5 



2{d-2' 



■WD 



2{d-2y 

d~l 



d-3 



A{d-2] 



C' + a\l 



Q{d~2) 
{d-l){d-A) 



W' 



WC 



WC 



(d-3)(rf-4)(rf-5)^^^3 



12(rf-2) 



W^D 



{d-2f 
(^-l)(^-3)(rf-4) .^2 



8(rf-2) 



-W'C 



+Kb 



d-5 



2{d 



■WE + C^ + ai-A 



4(rf-4) 
d-2 



WC 



+n 



abed 



(rf _ 3) (rf _ 4) (rf _ 5) (rf-3)(rf-4) 

2(rf-2)2 
(d-3)(ci-4)(d-52^3^ 



12(d-2) 



d-5 



2(d-2) 



l^F + a 1 



12(ci-2)= 



+V^'JZ 2{d - 2)WD + 



d-l 



WE + 2VrF j 



d-2 



+ a 



6(d-2)3 



Starting with 7i(o) = 0, we find 

W = -2{d - 2)g[l - la{d -3){d- 4)g% 



(3.14) 



(3.15) 



which is vahd to hnear order in a. This solution for W may then be inserted into the 
expression for 7i(i). In this way, we may solve 'H{\) = to obtain 



C 



___[l + |„(,_3)(<i- 4)9^1 



(3.16) 



Working out the next order terms are somewhat more involved. After solving '}i(2) = 0, 
we find 



D 

E 
F 



d-1 



4(rf-2)(rf-3)2(d-5)^3 _ 
1 



l-ag'{ ^(d-2){d-3r ^ 7{d-3){d-A) 






l-«.M4(c^-3)^ + ^^^^f^^ 



(rf-5)^3 

Inserting these coefficients into the counterterm action (13.31) gives 



(3.17) 



S. 



ct 



d^'^xV-h 



dM 



id-3)g' 



2id-2)gil-laid-3)id-A)g^) 
(l + |a(ci-3)(d-4)c/2)7^ 



+ 



1 



(rf-3)2(d-5)^3 
a 



l_la^d-3)id-A)g')inl- 



d-1 
A{d - 2) 



7^^ 



+ 



{d-5)g 



in'-Ant, + ni,j + 



(3.18) 



Note that this is an expansion both in a (of which we have kept only up to the linear term) 
and powers of the inverse metric h"'^. The explicit counterterms given above are sufficient 
to cancel all power law divergences in the Einstein-Gauss-Bonnet theory up to c? = 7. 
However, the 0{TZ^) terms, which we have not computed, will yield a finite contribution 
in d = 7 which is necessary for maintaining diffeomorphism invariance in the renormalized 
theory [27]. 

4 Gauss-Bonnet black holes 

In the previous section, we have derived the counterterm action (13.181) which may be 
combined with the bulk action (I2.16P and the generalized Gibbons-Hawking term 

Sgk = -2 / d^-'x^^lK - 2a{2g,,K-' + \{K^ - SKK^, + 2irX'^c))], (4-1) 

JdM 



10 



to obtain the total renormalized action (13.41) 

r = "Sbuik + 'S'gh — 'S'ct. (4.2) 

This action may be identified with the thermodynamic potential of the system through 
Q = T / (3 where /3 = 1/T is the inverse temperature. Furthermore, we may define the 
boundary stress tensor 

^/-hohab 
Comparing this with (13.61) . we see that 

rj,ab ^ 27r'^^ - 2P''^ (4.4) 

where n"'^ are given by (12.10p and (12. lip and P""^ are given by ( I3.12p . The boundary stress 
tensor allows us to define the conserved momentum (and in particular the energy) of the 
spacetime. 

The above results allow us to investigate the thermodynamics of Gauss-Bonnet black 
holes [28-32,17,33-36]. Before proceeding, however, we note that it is straightforward to 
include a canonically normalized Maxwell field, so that the bulk action (12.161) becomes 

^buik = - / d'x^/^ [R+{d- l){d - 2)g^ - \Fl + a{R^ - AR% + i?J,^J] . (4.5) 
Jm 

To obtain an electrically charged black hole, we take 

^ = Jd^^sdt => F=-^^dtAdr, (4.6) 

as well as the metric ansatz 

ds' = -fdf + ^ + r'dEl,^„ (4.7) 

where k denotes the curvature of the manifold T,d~2,k {k = 1, 0, —1). Working out the 
'angular' components of the Einstein equation, we find the first-order equation 

rf' + {d-3){f-k)-{d~l)g'r'+ ^' 



2{d - 2)r2('i-3) 



a 



r 



(d -3){d- 4)(/ - k)[{d - 5)(/ - A;) + 2rf'] = 0, (4.8) 



which may be solved to yield [28-30,32, 17] 

(4.9) 



rr>^ 



f = k + 
■' 2a 



lTWl + 4a -br-^ 



/^ .2 91 



r'^-i ^ 2(rf-2)(ci-3)r2('i-2) 
11 



where a = a{d — 3){d — A). Here /i is a non-extremality parameter related to the black 



hole mass. Note that relative simplicity of the equation of motion (14.81) and its black hole 
solution is a general feature of the Lovelock actions. 

While the above black hole solution is exact in the Gauss-Bonnet parameter a, our 
derivation of the Hamilton- Jacobi counterterms was restricted to linear order in a. We 
therefore expand / to first order in a 

£ 7,22/^1 ^ 



r'^-3 2(d-2)(rf-3)r2(^-3) 
a / 2 2 /^ I ^ 



Note that we have taken the 'negative' branch of (14. 9p . as it is the one which has a well- 
behaved a — > limit. In what follows, all expressions should be understood to be taken 
only to linear order in a. 

In order to parameterize the Gauss-Bonnet black hole thermodynamics, we introduce 
the horizon location r+, defined by /(r+) = 0. A simple rearrangement of (I4.10p then 
allows us to write fj, in terms of r+ as 



2(t/-2)(rf-3)/"^ 



^ = /r^-i + A;r^-3 + ^£ ^ + ak^{d -3){d- 4)r^-^ (4.11) 



This will be useful in what follows. For example, the temperature may be obtained from 
T = /'(r+)/47r, which comes from the requirement of avoiding a conical singularity at the 
horizon. Taking a derivative of (14.101) and using (14. lip to eliminate /i gives 



47rr 1 



(d - l)g^rl + (d- 3)k ^ 

2(d-2)r 



2(d-3) 



+ak{d - 3)(ci - 4) ( -2{d - 1)/ -{d-l)^+ ^ 



2 /J r,\ 2(d-2) 



n {d - 2)r 



.(4.12) 



This matches the exact expression for the Hawking temperature [31, 32, 17, 33] when 
expanded to linear order in a (as it must, since the calculation is identical). 

Turning next to the entropy, it is well known that the area expression S = Ah/4:Gd 
gets modified in higher derivative gravity. In this case, we may instead use the Wald 
entropy formula [37-39] 

S = -2n [ E^'-^''e^,e,^d''-'x, (4.13) 

Jh 



where 



-tl'^upa 



12 



(4.14) 

g^^ fixed 



and where e^i, is the binormal to the horizon h. Taking the action (14. 5p . we find 

-2{g>'PR'"' + g'^'R^'P - g^"" R^p - g^PR""") + 2R^"'P'')] . (4.15) 

Working out the curvature components and integrating i^*^**" (where the overhnes indicate 
tangent space components) over the horizon gives the simple entropy expression 



S = ATTUJd-2,kr' 



d-2 



a 



1 + 2^k{d - 2){d - 3) 



(4.16) 



where ujd-2,k is the volume of T.d~2,k (so that uJd-2,kf^'^ is simply the 'horizon area'). 
Since we are working in units of IGTrG^ = 1, the leading term in 5* indeed reproduces the 
standard area expression. Note that this entropy expression is universal for spherically 
symmetric Gauss-Bonnet black holes in that the equations of motion were not needed for 
its derivation. 

The Gauss-Bonnet black hole entropy was previously computed in [31] by solving 
the free energy expression F = E — TS for the entropy (where F was computed from 
the Euclidean action) and in [32] by integrating the first law dE = TdS. Both of these 
computations are in agreement with the Wald entropy formula result (I4.16p . Furthermore, 
we may see that the linearized expression (I4.16P is in fact exact in a. 

We now work out the renormalized action for the Gauss-Bonnet black hole. Substi- 
tuting in the metric ansatz (14. 7p as well as the gauge field (14.61) . we find that the bulk 
action (14. 5 p may be expressed as a total r derivative. Integrating this from the horizon 
to a cutoff To gives 



5, 



bulk 



(3u,d-2,k -id - 2)A'"^ + r"-'((rf - 2)(/ - A;) + rf) + 



Q' 



2{d-3)r 



d-3 



-a 



(rf - 2)(rf - 3y~\f - k) {{d -A)U--k) + 2rf) , (4.17) 



ro 



where f3 = 1/T is the period of the timelike circle. Using the explicit form of / given in 
(I4.10p as well as the relation (14. lip , we obtain 



5i 



bulk 



PuJd- 



2,k 



2g^4-\l - d{d - 3)a/) - 2/^(1 - 2{d - 3)a/) + 2A;r^-=^ 



+2ak{d - 3) (^-2{d - l)/rt^ - 2A;rt^ + JJ^yTr) 



. (4.18) 
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This clearly exhibits the leading power law divergence Jbuik ~ 2(7^rQ ^. The generalized 
Gibbons-Hawking term is evaluated at the cutoff surface r = tq. From (14. ip . we find 



5, 



GH 



P(^d- 



I3ujd- 



2,k 



■2,fc 



— r 



d-3 



r=ro 



(2(rf-2)/ + r/') 
+2a{d - 2)(rf - 3)/-^((rf - 4)/(|/ - 2fc) + (/ - kyf) 

-2{d - l)/4-^(l + lid - 3)(d - 8)a/) 

-2(rf - 2)k4-%l + lid -3)id- 4)a/) 

-|a(rf - 2)(rf - 3)(c/ - 4)A;V^-^ + (rf - l)/i(l + |(rf - 3)(c; - 5)a/) 



(4.19) 

Adding together Sbuik and Sgh, we see that the power law divergences are given by Tq"^, 
Tq"^ and Tq"^ (assuming d is sufficiently large, of course). These will be canceled by the 
counterterm action (I3.18p . 

Recall that the derivation of the counterterm action involved an expansion in powers 
of the inverse metric h"''' 



Set = S(n) + S(i) + S: 



'(0) 



(1) 



'(2) 



(4.20) 

where the leading divergence of S(k) is of the form Tq^^ . Therefore, for arbitrary dimension 
d, we would need at least the first three counterterms to cancel the divergences of ^buik + 
5'gh- For the Gauss-Bonnet black hole, we obtain from (I3.18P 



S, 



ct 



Pud-2,kid - 2) 2/ro'-^(l + Ud -3)id- 4)ag^) 



2„d-5 



+2kr^-'il + |(rf - 3)(d - A)ag') + |a(rf - 3)(rf - 4)rr^-^ + 



-;u(l + |(t/-3)(rf-4)a/) + 



(4.21) 



Note that here we have taken the dimensional continuation approach of [27]. In particular, 
the dimension dependent poles in (I3.18P are canceled by zeros in the boundary curvature 
expressions. This allows, for example, 5(2) to generate a finite counterterm in d = 5 
dimensions. In the two-derivative theory, this finite contribution removes the 'Casimir 
energy' of global AdSs and at the same time restores full diffeomorphism invariance of 
the renormalized theory [27]. 

Adding together (14.18p . (I4.19P and (I4.2ip finally yields the renormalized thermody- 
namic potential 



n 



^d-2,k 



-fi + 2krl-^ + 2akid - 3) -2(d - l)g'r 



+ 



2kr 



d-5 



+ 



id-2)r 



d-l 



(4.22) 
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where Q = T/(3, and where /z is given in (14. lip . This expression for the thermodynamic 
potential agrees (at hnear order in a) with the free energy calculations using background 
subtraction to regulate the Euclidean action [31,17,33] and derived through F = E — TS 
[31]. This provides a welcome check on the counterterm coefficients in (I3.18p . which 
involved a fair bit of manipulation to extract from the Einstein-Gauss-Bonnet action. We 
wish to stress that the inclusion of the finite counterterm was necessary in order to obtain 
agreement with the previous free energy results. 

The final quantity we are interested in is the energy of the system. For the energy, we 
focus on the tt component of the boundary stress tensor. Using (14. 4p as well as 

V^P^ = \C,, (4.23) 

(where C^ is the counterterm Lagrangian of (I3.18p . and where this expression holds for 
the constant curvature boundary geometry S^ x 'Ld-2,k), we obtain a simple expression 
for the energy 

E = ujd-2,k{d-2)^i. (4.24) 

We may now see that the free energy and energy are related by the standard expression 

VL = E-TS-Q<^ (4.25) 

where Q = uJd-2,kQ is the normalized electric charge, and 

Q_ 

{d - 3)r^ 
is the electric potential at the horizon. 



$ = A(r+) - A(oo) = , , Z d-3 (4-26) 



5 Summary 

The calculation of the on-shell action and boundary stress tensor is an important aspect 
of the study of black hole thermodynamics. Such quantities are generally divergent and 
require renormalization. While various approaches, including background subtraction, 
have been developed, holographic renormalization using the Hamilton- Jacobi formalism 
is particularly elegant and useful in the study of the thermodynamics of black holes 
in asymptotically AdS spacetimes. This approach generates the appropriate boundary 
counterterms needed to remove all divergences of the on-shell action for i?-charged AdS 
black holes in various dimensions. 
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In this paper, we have focused on the Einstein-Gauss-Bonnet system with a negative 
cosmological constant and used the Hamiltonian-Jacobi approach to evaluate the coun- 
terterms up to hnear order in a, the couphng of the Gauss-Bonnet term. In general, this 
linear order in a is all that is physically relevant when considering the F? corrections in 
the expansion of the full higher- derivative effective action. However, it is noteworthy that 
the Gauss-Bonnet form of the i?^ action admits exact -R-charged black hole solutions. 
Because of this, exact expressions may be obtained for the thermodynamic quantities 
calculated in the previous section. In particular, the temperature and thermodynamic 
potential take the form [31,32,17,33] 



) 



" = --^Tzt- ('' - ^x^g'-'t + ''-I - «") - ,„ _ ; 2,.-4, - >^<T I . (5.1) 



A'Kr+rl + 2aky ' + "- > + \ 2(rf - 2)r+^'^"^^ 

^d-2,kf^+ i fj r,\/o„2„4 , ,_2 ~ ,,2\ Q_ 

2{d - 3)r^ 

It would be of interest to see if the Hamilton- Jacobi method can be extended to capture 
the non-linear terms as well. We recall, however, that the main reason we had linearized 
in a was so we could invert the relations ( 12. lip for the conjugate momenta in order to 
derive the Hamiltonian (12.22^ . Obtaining the exact Hamiltonian through a non-linear 
inversion of TCab ^^ Kab looks to be a challenge. 

The main reason exact solutions of the Einstein-Gauss-Bonnet theory are available 
is that, while this is a higher-derivative gravitational system, the equations of motion 
arising from the Gauss-Bonnet combination do not involve higher that two derivative of 
the metric. For this reason, the Cauchy problem for radial evolution remains well defined 
when conventional Dirichlet conditions are imposed on the boundary. Other curvature 
combinations such as the Weyl tensor squared combination, which naturally arises in the 
higher derivative corrections to five- dimensional M = 2 supergravity [40], do not admit a 
well-posed Dirichlet problem nor an appropriate generalization of the Gibbons-Hawking 
term [26]. This appears to be a major obstruction to generalizing the Hamilton- Jacobi 
approach to holographic renormalization to other theories with higher-curvature terms. 

Finally, we note that, while a main objective of holographic renormalization is the 
removal of divergences of the on-shell AdS action, the Hamilton- Jacobi method intro- 
duces the additional framework of diffeomorphism invariance to the construction of the 
counterterm action 5*^- In practice, this provides no additional information for the coun- 
terterms that remove power law divergences in the action. However, the Hamilton- Jacobi 
method does naturally determine the finite counterterms which would otherwise be free 
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(and related to different renormalization schemes in the dual CFT). For theories involving 
scalars, the leading counterterm determined by the Hamilton- Jacobi method looks like an 
effective superpotential [7], and in this fashion, the finite part of Set is necessary to main- 
tain the supersymmetry of the boundary theory [41,10]. We have not included any scalars 
in the present analysis, although we expect the generalization to be straightforward. 

Even in the absence of scalars, we have been careful to take into account the finite 
counterterm which arises (in odd dimensions d) through the dimensional continuation of 
the R^^~^y^ terms in Set [27]. For spherically symmetric configurations of the ordinary 
two-derivative Einstein theory, this finite counterterm removes the 'Casimir energy' of the 
AdS background. Since this is simply a constant, the physical effect of this subtraction 
is rather minimal (at least from the AdS/CFT point of view). However, this subtraction 
appears to be more important in higher curvature theories, as the 0{a) contribution to 
the finite counterterm can no longer be interpreted as a simple shift in the Casimir energy. 
We thus feel it is most natural to adhere to a diffeomorphism invariant renormalization 
scheme, which is naturally accomplished through the Hamilton- Jacobi method. 
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